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We have investigated the proximity effect in superconductor/ferromagnet junctions in a systematic manner to discuss
the relationship between the zero-energy peak (ZEP) of the local density of states (LDOS) and spin-triplet odd-frequency
pairing. By exactly solving the nonlinear Usadel equations, we have found that the ZEP is realized in a wide range of
geometrical and material parameters in the case of the noncollinear magnetization. This strongly suggests the robust-
ness of the ZEP induced by spin-triplet odd-frequency pairing in such systems. We also found that the crossover from
singlet pairing to triplet pairing can be detected by measuring the F layer thickness dependence of the ZEP height. Fur-
thermore, we show how to observe signatures of spin-triplet odd-frequency pairing and the pairing crossover by LDOS
measurement. Our results provide a direct way to experimentally detect signatures of the odd-frequency pairing state.
KEYWORDS: odd frequency pairing, proximity effect, quasiclassical Green’s function method, Usadel equation,
spin triplet pairing, spintronics
1. Introduction
The study of the proximity effect in superconductor (S) -
ferromagnet (F) hybrid structures has a long history following
the first theoretical proposal of the so-called π state in a meso-
scopic ring containing SFS Josephson junctions..1 The pene-
tration depth of Cooper pairs into a diffusive normal metal
(N) is characterized by the length scale ξT =
√
~D/2πT . In
a ferromagnet, this length scale is considerably smaller and
is given by ξh =
√
~D/2Eex. Here, T is the temperature, D
is the diffusion constant, and Eex is the magnitude of the ex-
change potential in the ferromagnet. Since the exchange field
differently affects electrons with opposite spins, spin-singlet
Cooper pairs are fragile under the exchange potential. In addi-
tion to a small penetration length, the pairing function of spin-
singlet pairs spatially oscillates with changing sign under the
exchange potential,2, 3 which enables the formation of π states
in SFS junctions.4 Although the π state was predicted theoret-
ically in the 1970s, it has been confirmed experimentally only
recently.5–7 Details of the progress of research on SF hybrids
have been summarized in several review papers.8–10
Bergeret et al.11 theoretically proposed a new type of
proximity-induced superconducting state in ferromagnets, the
so-called long-range spin-triplet pairing state. Inhomoge-
neous magnetic structures near the SF interface (see Fig. 1)
rotate the spin direction of an electron, which induces equal
spin-triplet s-wave Cooper pairs in ferromagnets.10, 12–14 Such
Cooper pairs should have an odd-frequency symmetry to sat-
isfy the requirement of the Fermi-Dirac statistics of electrons.
Since equal spin-triplet pairs are not suppressed by the ex-
change potential, they have a long-range length of penetration
into ferromagnets characterized by ξT . Experimentally, such
an effect has been observed first as the long-range Joseph-
∗E-mail: s-kawabata@aist.go.jp
son coupling in SFS junctions,15 where the ferromagnet is
a half-metallic CrO2 compound. In clean half-metallic SFS
junctions, equal-spin triplet pairs can have an odd-parity even-
frequency symmetry.16 However, in the experimentally rele-
vant dirty-limit case, the equal-spin triplet even-parity s-wave
odd-frequency symmetry is the only possible choice. The ex-
periment15 as well as anomalous conductance oscillations ob-
served in SF hybrids17 stimulated many theoretical18–21 and
experimental works.22–27 As a result, a number of signatures
of triplet correlations have been observed. However, no ex-
periment so far has shown direct and unequivocal evidence of
long-range spin-triplet odd-frequency pairs.
Existing theories predict that the presence of odd-frequency
pairs causes the enhancement of the zero-energy local density
of states (LDOS).11, 18–21 According to a number of theoretical
studies of the proximity effect in various SF hybrid structures,
e.g., diffusive SF,28–39 clean SF,40–45 S/magnetic-vortex,46, 47
unconventional-superconductor/F,48–51 and nonequilibrium
SF junctions,52 the relative fraction of odd-frequency pairs to
even-frequency pairs depends sensitively on junction param-
eters such as the resistivity of F, the transparency of the SF
Fig. 1. (Color online) Model of an SF junction for observation of spin-
triplet pairing through local density of states (LDOS) measurement. The mag-
netization directions in F1 and F2 layers are collinear (α = 0) or noncollinear
(α = π/2).
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interface, the amplitude of the exchange energy Eex, and the
geometry of junctions. To obtain clear evidence of spin-triplet
odd-frequency pairs in experiments, theoretical studies should
show a way of optimizing the fraction of odd-frequency spin-
triplet pairs in a wide parameter range tunable in actual exper-
iments.
In this study, by solving the full-spin Usadel equation53, 54
in a wide parameter range, we systematically calculate the
LDOS at a surface of a diffusive ferromagnet connected to
a metallic superconductor. In particular, we focus on the re-
lationship between the magnitude of the zero-energy peak
(ZEP) in the LDOS and the fraction of triplet odd-frequency
pairs, and show the robustness of the presence of the ZEP.
Note that ZEP formation has been reported in measured tun-
neling conductance spectra in oxide-based SF heterostruc-
tures with nonuniform ferromagnets.55–59 However, the physi-
cal origin of ZEP in these structures is still unclear. Therefore,
we propose an experimental method of explicitly detecting the
signature of spin-triplet pairing by measuring ZEP.
This paper is organized as follows. In Sect. 2, we present
a model of an SF junction and describe a numerical method
of solving the nonlinear Usadel equation in such a system.
The numerical results of the LDOS for various parameters
and the discussion of the robustness of ZEP are presented in
Sect. 3. In Sect. 4, the summary of our results is presented.
Throughout the paper, we confine ourselves to the regime of
zero temperature and put kB = 1.
2. Nonlinear Usadel Equation
Let us consider SF junctions in the dirty limit shown in
Fig. 1. We assume that the junction is homogeneous within
the yz plane. The magnetization in the ferromagnet can be
either homogeneous or inhomogeneous. As an example of
the inhomogeneous magnetization, we divide the F layer into
two segments, F1 and F2, as shown in Fig. 1. In the F1
layer (0 ≤ x ≤ LF1), the magnetic moment is in the zx
plane and rotated by α from the z-direction. In the F2 layer
(LF1 ≤ x ≤ LF ), on the other hand, the magnetic moment
points the z-direction. The magnetic moments in the two lay-
ers are non-collinear to each other for α , 0, which results in
spin-flip scattering. The misorientation angle α in exchange-
spring ferromagnets60–62 can be experimentally controlled by
applying an in-plane magnetic field. The length of the F2 lay-
ers is denoted by LF2 (i.e., LF = LF1 + LF2). The resistance
due to the barrier at the SF interface is denoted by RB and that
in the F layer by RN . In our calculation, we assume that the
exchange energies Eex in the F1 and F2 layers are the same,
and that the interface between the two layers is transparent.
In the presence of spin-flip scattering, we have to solve a
4 × 4 matrix Usadel equation53 given by
i~D
d
dx
(
gˇ
d
dx gˇ
)
−
[
ˇH, gˇ
]
= 0, (1)
where D is the diffusion constant in S and F. The Hamiltonian
ˇH and the Green function gˇ are respectively defined by
ˇH =
[
ˆE(x, E) ˆ∆(x, E)
ˆ∆˜(x, E) ˆE˜(x, E)
]
, (2)
gˇ(x, E) =
 gˆ(x, E) ˆf (x, E)− ˆf˜(x, E) −gˆ˜(x, E)
 , (3)
with
ˆE(x, E) =(E + iδ)ˆ1 − V(x) · σˆ, (4)
ˆE˜(x, E) =
{
ˆE(x,−E)
}∗
, (5)
ˆ∆˜(x, E) =
{
ˆ∆(x,−E)
}∗
, (6)
where δ is a small imaginary part indicating the retarded
causality of the Green function. Physically, iδ represents the
self-energy due to inelastic scatterings, for instance, by the
thermal excitation or electron-electron interactions. Through-
out this paper, we set δ/∆0 = 10−4, where ∆0 is the ampli-
tude of the Pair potential at zero temperature. Here, σˆ j with
j = 1, 2, 3 are Pauli matrices and σˆ0 = ˆ1 is the 2 × 2 unit ma-
trix. The magnetic moment V(x) in a ferromagnet is defined
as
V(x) =
{
Eex(sinα, 0, cosα) for 0 ≤ x ≤ LF1
Eex(0, 0, 1) for LF1 < x ≤ LF . (7)
Throughout this paper, ˇ· · · and ˆ· · · indicate 4 × 4 and 2 × 2
matrices, respectively. In what follows, we only consider the
s-wave spin-singlet pair potential in a superconductor, (i.e.,
ˆ∆ = ∆0iσˆ2). The particle-hole symmetry results in
gˆ˜(x, E) = {gˆ(x,−E)}∗ , (8)
ˆf˜(x, E) =
{
ˆf (x,−E)
}∗
. (9)
To solve Eq. (1), we use the Riccati parameterization63–66
for the Green function, i.e.,
gˇ(x, E) =
[
ˆN ˆ0
ˆ0 ˆN˜
]  ˆ1 + γˆγˆ˜ 2γˆ−2γˆ˜ −(ˆ1 + γˆ˜γˆ)
 , (10)
with
ˆN =(ˆ1 − γˆγˆ˜)−1, (11)
ˆN˜ =(ˆ1 − γˆ˜γˆ)−1. (12)
The normalization condition of the Green function is auto-
matically satisfied under the parameterization, i.e., gˇgˇ = ˇ1.
The derivative of the inverse matrix ∂x ˆN can be obtained as
∂x ˆN = ˆN ˆA ˆN, (13)
with
ˆA =(∂xγˆ)γˆ˜+ γˆ∂xγˆ˜, (14)
which is obtained from the identity ∂x( ˆN ˆN−1) = ˆ0.
Finally, the Usadel equation [Eq. (1)] is reduced to two par-
tial differential equations for γˆ and γˆ˜:
i~D
[
∂2xγˆ + (∂xγˆ) ˆf˜ (∂xγˆ)
]
− ˆEγˆ + γˆ ˆE˜ + ˆ∆ − γˆ ˆ∆˜γˆ = 0, (15)
− i~D
[
∂2xγˆ˜+ (∂xγˆ˜) ˆf (∂xγˆ˜)
]
− ˆE˜γˆ˜+ γˆ˜ ˆE + ˆ∆˜ − γˆ˜ˆ∆γˆ˜ = 0.(16)
After taking the complex conjugation and E → −E in the
above equations, we find that γˆ∗(x,−E) and γˆ˜(x, E) obey thesame equation. Thus, we conclude that
γˆ˜(x, E) = γˆ∗(x,−E). (17)
At the interface between a ferromagnet and a superconduc-
tor, the Kupriyanov-Lukichev boundary condition67 connects
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Green functions on both sides, i.e.,
2ΓB ξTc gˇ ∂xgˇ =
[
ˇGS , gˇ
]
, (18)
with ΓB = RB/R0N and
ˇGS =
[
gs ˆ1 fsσˆ2
fsσˆ2 −gs ˆ1
]
, (19)
gs =
E√
E2 − ∆2
, (20)
fs = i∆√
E2 − ∆2
. (21)
Here, RB is the resistance of the barrier at the SF interface
and R0N is the resistance of a ferromagnet whose length is
ξTc =
√
~D/2πTc, with Tc being the superconducting tran-
sition temperature. The resistance of the ferromagnet, RN , is
then given by R0N LF/ξTc . We obtain two boundary conditions:
2ΓB ξTc ∂x γˆ =2gs γˆ + fs(γˆ σˆ2 γˆ − σˆ2), (22)
2ΓB ξTc ∂x γˆ˜ =2gs γˆ˜− fs(γˆ˜ σˆ2 γˆ˜− σˆ2). (23)
Since gs(−E) = g∗s(E) and fs(−E) = f ∗s (E), γˆ∗(x,−E) and
γˆ˜(x, E) satisfy the same boundary condition.By numerically solving the nonlinear differential equations
[Eqs. (15) and (16)] together with the boundary conditions
[Eqs. (22) and (23)], we calculate the LDOS as
N(E)
N0
=
1
2
Tr
[
Regˆ(E)] , (24)
and the pair function matrix as
ˆf (E) =
[
f0(E)ˆ1 + ~f · σˆ
]
~σ2
=
[
i f1(E) + f2(E) −i f3(E) − i f0(E)
−i f3(E) + i f0(E) −i f1(E) + f2(E)
]
, (25)
where N0 is the normal DOS and ~f = ( f1, f2, f3). The compo-
nents f0, f1, f2, and f3 respectively represent the pairing func-
tion for the spin-singlet state [(|↑↓〉 − |↓↑〉) /√2], the equal-
spin-triplet states [(|↑↑〉 − |↓↓〉) /√2], [(|↑↑〉 + |↓↓〉) /√2)],
and the opposite-spin-triplet state [(|↑↓〉 + |↓↑〉) /√2]. The
LDOS N(E) and the pairing function fi are local values de-
pending on x.
In the dirty limit, the singlet component f0 has an even-
frequency symmetry, while the three triplet components fi
(i = 1, 2, 3) have an odd-frequency symmetry. Note that the
y component of the magnetic moment V(x) is zero in this pa-
per [see Eq. (7)]. Thus, the equal-spin-triplet component f2 is
always zero.
3. Results
In this section, we study the LDOS in the cases of uni-
form and nonuniform magnetizations systematically. In order
to show the robustness of the ZEP in the LDOS induced by
spin-triplet odd-frequency pairs, we calculate the phase di-
agrams of the ZEP and the pair amplitudes as functions of
several variables. We also discuss how to detect signatures of
long-range triplet pairing experimentally.
3.1 Local density of states and pair functions
Let us first discuss the LDOS in the uniform-magnetization
case, i.e., α = 0. We consider a very weak ferromagnet by
choosing Eex/2πTc = 0.1 and a rather moderate proximity
effect by setting the R0N/RB = 0.2. In Figs. 2(a)-2(c), we show
the dependence of the LDOS N(E) at the edge of the F2 layer
(i.e., at x = LF ) on the F layer thickness LF . When LF/ξTc is
much smaller than unity or when the Thouless energy ETh is
much larger than Eex, i.e., ETh = ~D/L2F ≫ Eex, a minigap
is formed owing to the proximity effect. In this case, we can
neglect the effect of the magnetic moment on the proximity
effect. As a result of the proximity effect, the minigap appears
in LDOS, as shown in Figs. 2(a) and 2(c), for LF/ξTc ≪ 1.
The magnitude of the minigap is approximately given by8
Emg =
ETh
1 + RBRN
, (26)
as in the case of diffusive S/N(normal metal) junctions. When
we increase LF [i.e., decrease ETh(∼ L−2F )], the size of the
minigap gradually decreases, as shown in Fig. 2(c). Even-
tually, when the resonant condition Eex = Emg is satisfied,
the minigap is closed completely68 and the ZEP is developed.
However, when we increase LF or decrease ETh further, the
LDOS profile near E = 0 becomes almost flat because the
minigap edges move outwards toward the superconducting-
gap edge. Therefore, the ZEP can be realized only near the
resonant condition Eex = Emg.69, 70 Note that, for a large
LF ≫ ξTc , the LDOS has peaks at E = ±Eex ≈ ±0.35∆0 for
Eex/2πTc = 0.1, which is in agreement with the theoretical
prediction.71
To make the above points clearer, we plot the zero-energy
density of state N(0) and the amplitude of the pair func-
tions | fi(0)| (i = 0, 1, 3) as functions of LF in Fig. 3(a). In
the uniform-magnetization case, the long-range triplet com-
ponents f1 and f2 are completely absent.10 Near the reso-
nant condition Eex = Emg, the short-range triplet component
f3(0) is rather more dominant than the singlet one f0(0), as
shown in the lower panel of Fig. 3(a). Two short-range com-
ponents with a decay length ξh ≈ 2.2ξTc basically coexist with
each other. These observations are consistent with previous
results.19, 48
In the case of a nonuniform magnetization (α = π/2),
on the other hand, the characteristic behaviors of N(0) are
largely different from those in the uniform-magnetization case
owing to the appearance of the long-range spin-triplet com-
ponents. The decay length of the long-range component is
given by min(ξT , ξδ), where ξδ = Re
[√
~D/iδ
]
is the decay
length stemming from inelastic scattering. In the present re-
sults, ξδ < ξT because we consider the limit of zero tempera-
ture. The LDOS at the edge of the F2 layer is shown as a func-
tion of LF in Figs. 2(d)-2(f). As clearly shown in Figs. 2(d)
and 2(e), the ZEP develops not only near the resonant condi-
tion, but also in a wider range of LF .
In order to understand the physical origin of the ZEP, we
plot the zero-energy LDOS N(0) and the pairing functions
fi(0) at the edge of the F2 layer (x = LF) as a function of
LF in Fig. 3. The results show that N(0) is larger than N0 (the
ZEP develops) when the amplitude of the long-range triplet
component f1(0) is larger than those of the short-range com-
ponents f0 and f3. The short-range components show expo-
nentially damped oscillation as a function of LF , whereas the
long-range one decays considerably slowly with increasing
LF . This is due to the fact that long-range pairs (|↑↑〉 , |↓↓〉)
3
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Fig. 2. (Color online) Local density of states (LDOS) N(E) at the edge of the F2 layer, i.e., x = LF , as a function of energy E and the F layer thickness LF
for an SF junction with (a) uniform (α = 0) and (d) nonuniform (α = π/2) magnetizations with LF1 = 0.5ξTc , Eex/2πTc = 0.1, and R0N/RB = 0.2. N0, ∆0,
and ξTc are the normal-state LDOS, superconducting gap, and coherence length at T = Tc, respectively. Panels (b) and (e) are magnified images of (a) and
(d) near E = 0, respectively. Panels (c) and (f) are magnified images of (a) and (d) around the small-LF regime, respectively. The arrows indicate the resonant
condition Eex = Emg , where Emg is the minigap in the case of Eex = 0.
have a zero center-of-mass momentum as in the case of singlet
pairs in conventional SN junctions. Therefore, in the case of
the long F2 layer, i.e., LF2 ≫ ξh, one can have an almost pure
long-range triplet component near the edge of the F2 layer.
Note that the dependences of N(0) and f1(0) on LF in the
regime LF/ξh ≫ 1 are closely related as shown in Fig. 3(b).
This can be explained as follows. When only the long-range
component f1(0) exists, the zero-energy LDOS is approxi-
mately given by
N(0)
N0
=
1
2
Tr
[
Regˆ(0)] ≈ √1 + | f1(0)|2, (27)
using the normalization condition
gˆ2 + ˆf ˆf˜ = ˆ1. (28)
Thus, the LF dependence of ZEP is closely related to that
of the long-range triplet odd-frequency component f1(0).10
Therefore, we conclude that the systematic ZEP measure-
ments by changing LF give strong evidence of the long-range
spin-triplet correlations. In Sect. 3.3, we will discuss in more
detail ways to experimentally discriminate between the short-
and long-range triplet components.
3.2 Robustness of the zero-energy peak
A number of theoretical papers have discussed the ZEP ap-
pearing in LDOS in a ferromagnet attached to a superconduc-
tor. However, the investigation has been limited to very spe-
cific cases such as a very weak exchange field,36 a very strong
exchange field (like half metals),18, 20, 21 a very small F layer
thickness (LF ≪ ξTc ),20 and a weak-proximity-effect regime
(equivalently, R0N/RB ≪ 1). Therefore, the natural question to
ask is how robust the presence of the ZEP induced by spin-
triplet odd-frequency pairing is in actually? To answer this
question, we calculate the zero-energy LDOS N(0) and the
pair amplitudes fi(0) by systematically varying two parame-
ters, (1) the exchange energy Eex and (2) the barrier resistance
RB, which are controllable in experiments. We will show the
robustness of the presence of ZEP induced by spin-triplet odd-
frequency pairs.
In Fig. 4, we show the phase diagram of N(0)/N0 and the
most dominant pairing function in F for uniform [Figs. 4(a)
and 4(b)] and nonuniform [Figs. 4(c) and 4(d)] magnetization
4
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Fig. 3. (Color online) (a) Zero-energy LDOS N(0) and the absolute value of the zero-energy pair-functions fi(0) as a function of the F layer thickness LF at
the edge of the F2 layer (x = LF ). The results for the uniform magnetization α = 0 are in (a) and those for the nonuniform magnetization α = π/2 are in (b). f0
(black dashed line), f3 (blue dotted line), and f1 (red solid line) are the short-range singlet, short-range triplet, and long-range triplet components, respectively.
The vertical dotted line corresponds to the resonant condition Eex = Eg . The parameters are LF1 = 0.5ξTc , Eex/2πTc = 0.1, and R0N/RB = 0.2.
Fig. 4. (Color online) Phase diagram of the zero-energy LDOS N(0) at x = LF as a function of RN/RB and Eex/ETh for an SF junction with (a) uniform
(α = 0) and (b) nonuniform (α = π/2) magnetizations, where LF1 = 0.5ξTc and LF = 4.0ξTc . The minigap, zero-energy peak (ZEP), and flat phase are
respectively defined by the regions of N(0)/N0 < 0.98, N(0)/N0 > 1.02, and 0.98 ≤ N(0)/N0 ≤ 1.02. Panels (c) and (d) show the phase diagram of the
most dominant component of pair amplitudes at x = LF for an SF junction with uniform and nonuniform magnetizations, respectively. Black, blue, and red
regions are the singlet f0-, short-range triplet f3-, and long-range triplet f1-dominant phases, respectively. The dotted lines correspond to the resonant condition
Eex = Emg .
configurations as a function of RN/RB and Eex/ETh. In the cal-
culation, we have assumed that LF1 = 0.5ξTc and LF = 4.0ξTc .
It is possible to define the following three phases: (i) minigap
phase with N(0)/N0 ≈ 0, (ii) ZEP phase with N(0)/N0 > 1,
and (iii) flat phase with N(0)/N0 ≈ 1. In the calculation, we
have defined the ZEP phase as regions with N(0)/N0 > 1.02
and the flat phase with as those with 0.98 ≤ N(0)/N0 ≤ 1.02
for practical convenience. As was already discussed in Sect.
5
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3.1, in the case of the uniform magnetization, only the short-
range components f0 and f3 exist. Thus, only in the vicinity of
the resonant condition the ZEP phase develops [see the dotted
line in Figs. 4(a) and 4(b)].
On the other hand, the ZEP phase in the nonuniform mag-
netization (α = π/2) appears in wide parameter ranges of
Eex/ETh and RN/RB, as clearly shown in Fig. 4(b). This can be
attributed to the appearance of the long-range triplet compo-
nent f1(0) [see Fig. 4(d)]. Note that the flat phase appearing
for RN/RB ≪ 1 and Eex/ETh > 2 in Fig. 4(b) is due to the
practical definition of the phase. At RN/RB ≪ 1, the prox-
imity effect in the ferromagnet is very weak, which results in
a very modest modulation of the LDOS. Although the zero-
energy LDOS in the flat phase is larger than N0, it cannot be
larger than 1.02N0. As a consequence, the flat phase appears
in Fig. 4(b). From the above results, one can conclude that, in
the SF junction with the nonuniform magnetization, the ap-
pearance of the ZEP induced by odd-frequency spin-triplet
pairs is very robust and insensitive to the device configuration
and material parameters as long as Eex/Emg > 1 is satisfied.
Therefore, the experimental observation of the ZEP gives un-
equivocal evidence of odd-frequency spin-triplet pairs. This
is one of the important findings in this work.
3.3 Zero-energy peak spectroscopy
In this subsection, we study details of the ZEP structure
in LDOS and propose an experimental method of detecting
odd-frequency spin-triplet pairs by analyzing the ZEP, i.e., the
ZEP spectroscopy. The possibility of observing the singlet-to-
triplet crossover by ZEP spectroscopy is discussed as well.
We study the deviation of the LDOS at the zero-energy
N(0) from its normal value N0, i. e., |δν0| ≡ |N(0)/N0 − 1|.
The LDOS is calculated at the end of the F2 layer (x = LF ). In
the calculation, we fix LF1 = 0.5ξTc and Eex/2πTc = 0.1 as in
Fig. 3. In Fig. 5, we show |δν0| as a function of LF in the cases
of a moderate-proximity-effect regime (R0N/RB = 0.2) and a
strong-proximity-effect regime (R0N/RB = 1.0). In the strong-
proximity-effect regime, the widely used linearized Usadel
approach is not justified at all. In the case of the uniform
magnetization (α = 0), |δν0| shows the oscillatory damped
behavior, as shown by the thick broken line in Fig. 5. This
means that δν0 changes its sign almost periodically with the
an increase in LF . Such behavior is consistent with previous
theoretical predictions71–73 as well as with experimental re-
sults.74, 75
In contrast, the behaviors of |δν0| for the inhomogeneous
magnetization (α = π/2) are largely different from those for
the uniform one. Owing to the development of the long-range
triplet component f1(0), |δν0| decays very slowly as a function
of LF , as shown by the solid and dotted lines in Fig. 5. The
sign of δν0 is always positive as long as Eex > Emg [see also
Fig. 3(b)]. The above results suggest that it is possible to dis-
tinguish between the spin-singlet even-frequency component
( f0) and spin-triplet odd-frequency ones ( f1, f2 and f3) by sys-
tematically measuring the LDOS at zero energy as a function
of LF . Namely, when the even- and odd-frequency pair dom-
inant phases crossover with each other, the crossover points
correspond to the deep minima of |δν0|.
To confirm our prediction, we also calculate the pairing
functions as a function of LF in Fig. 6, where the amplitudes
of the pairing functions are shown in (b) with the results of
Fig. 5. (Color online) Zero-energy peak spectroscopy. Deviation of the
zero energy LDOS N(0) from its normal value N0, i.e., δν0 = N(0)/N0 − 1,
as a function of the F layer thickness LF for an SF junction with α = 0
(black dashed line) and α = π/2 (red solid and blue dotted lines) for differ-
ent values of R0N/RB. The LDOS is evaluated at x = LF . The parameters are
LF1 = 0.5ξTc and Eex/2πTc = 0.1.
|δν0| with R0N/RB = 1 in (a). The dip positions of |δν0| are al-
most identical to the crossover points between the even- and
odd-frequency pair dominant phases. The physical origin of
the above remarkable phenomenon can be explained as fol-
lows. When all the components fi(i = 0 − 3) coexist, δν0 can
be expressed by Eq. (28) as10
δν0 =
N(0)
N0
− 1 ≈ −| f0(0)|
2
2
+
∑
i=1,2,3
| fi(0)|2
2
, (29)
by assuming | fi| ≪ 1, and considering the facts that Im f0(0) =
0 for the singlet component and Re fi(0) = 0 for the triplet
components (i = 1, 2, 3).10, 46 Therefore, the spin-singlet even-
and spin-triplet odd-frequency components respectively have
negative and positive contributions to δν0. Thus, δν0 changes
its sign at the crossover points in LF . This gives rise to a dip
structure in the |δν0| vs LF curve shown in Fig. 6(a).
The even-odd frequency (singlet-triplet) crossover hap-
pens even in the weak- or moderate-proximity-effect regime
(R0N/RB < 1). As shown in Fig. 3(b) in the moderate-
proximity-effect regime, the amplitude of the long-range com-
ponent f1(0) is rather larger than that in the strong proxim-
ity cases in Fig. 6(b). Therefore, the crossover (from short-
range singlet to long-range triplet) happens only once near
the resonant condition. By extending the argument to the
uni f orm SF junction shown in Figs. 3(a) and 5, the well-
known zero-energy LDOS oscillations can be interpreted as
a result of a series of (short-range) singlet-to-(short-range)
triplet crossovers. Therefore, it is possible to identify the
crossover points from the dip positions of |δν0|. This remark-
able feature has never been observed in previous studies and
is one important finding of this study. From the above results,
it is clear that the systematic LDOS measurement by chang-
ing the exchange field Eex, the F layer thickness LF , and the
barrier resistance RB gives unequivocal evidence of the novel
6
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Fig. 6. (Color online) (a) Deviation of the zero-energy LDOS N(0) from
its normal value N0, i.e., |δν0| = |N(0)/N0 − 1| at x = LF as a function of
the F layer thickness LF for an SF junction with a nonuniform magnetization
(α = π/2) in a strong proximity regime (R0N/RB = 1.0). Panel (b) shows the
absolute value of pair functions fi(0) at x = LF as a function of LF . f0 (black
dashed line), f3 (blue dotted line), and f1 (red solid line) are the short-range
singlet, short-range triplet, and long-range triplet components, respectively.
The parameters are LF1 = 0.5ξTc and Eex/2πTc = 0.1. The gray, blue, and red
region correspond to the singlet-, short-range triplet-, and long-range triplet-
dominant phases. The upper table shows pairing symmetries for the most
dominant component and the signs of δν0.
long-range triplet odd-frequency pairs.
Finally, we would like to propose an experimental method
of detecting the signature of the odd-frequency pairing and
observing the singlet-to-triplet crossover. Figure 7(a) shows a
scheme of an SF junction in contact with a scanning tunnel-
ing microscope (STM) tip for measuring the differential con-
ductance or the LDOS in the F layer. The spatial dependence
of the LDOS of F in the strong proximity regime is plotted
in Fig. 7(b). As clearly shown in Fig. 7(b), the measurement
of the position dependence of the zero-energy LDOS enables
clear identification of the long-range odd-frequency pairing as
well as of the the singlet-to-triplet crossover.
The characteristic behaviors of |δν0| and | fi(0)| for x ≫ ξTc
in Fig. 7(b) are very similar to those for LF ≫ ξTc in Fig. 6.
The physics happening at the edge of a sufficiently long fer-
romagnet and that at a point far enough from the SF inter-
face should be the same. However, the behaviors of |δν0| and
| fi(0)| for LF < ξTc in Fig. 6 are clearly different from those
for x < ξTc in Fig. 7. In Fig. 6, the Thouless energy ETh is
larger than the exchange potential Eex for LF ≪ ξTc . As al-
ready mentioned in Sect. 3.1, the effect of the magnetization
on the proximity effect is negligible in such a case. There-
fore all spin-triplet components are absent in the ferromag-
net, as shown in Fig. 6, which leads to a minigap structure in
LDOS. On the other hand, in Fig. 7, the choice of LF = 15ξTc
means a sufficiently large Eex/ETh leading to the appearance
Fig. 7. (Color online) (a) Scheme of an inhomogeneous SF junction in con-
tact with an STM tip. Panel (b) shows the position x dependence of δν0(0)
and the pair functions fi(0) (i = 0, 1, 3) in the F layer, where ± corresponds
to the sign of δν0. f0 (black dashed line), f3 (blue dotted line), and f1 (red
solid line) are the short-range singlet, short-range triplet, and long-range
triplet components, respectively. The parameters are α = π/2, LF1 = 0.5ξTc ,
LF2 = 14.5ξTc , R0N/RB = 2.0, and Eex/2πTc = 0.1.
of spin-triplet components near the SF interface. Therefore,
clear minigap structures are not expected in experiments by
zero-energy peak spectroscopy. Note that the spatial depen-
dence of the LDOS of an inhomogeneous SF junction for a
weak-proximity-effect regime and small exchange fields has
been investigated by Cottet.36
4. Conclusions
To summarize, we have systematically investigated the su-
perconducting proximity effect in SF junctions with uniform
and nonuniform magnetizations in terms of spin-triplet odd-
frequency pairing. By solving the nonlinear Usadel equation
fully numerically, we have calculated the LDOS in a ferro-
magnet and found following the remarkable results.
(1) In contrast to the case of the uniform magnetiza-
tion,69, 70 the LDOS in SF junctions with the nonuniform mag-
netization has a ZEP in a wide range of parameters, indicating
the robust presence of the ZEP induced by spin-triplet odd-
frequency pairs.
(2) The ZEP height is damped very slowly with increasing
LF owing to the development of long-range spin-triplet pair-
ing. This behavior is in marked contrast to the uniform mag-
netization case in which the zero-energy LDOS shows expo-
nentially damped oscillation as a function of LF .71–75
(3) The dip position of |δν0| corresponds to the crossover
point between singlet and triplet or even- and odd-frequency
pairings. This means that ZEP spectroscopy can give us clear
information on the symmetry of Cooper pairs.
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The above remarkable results clearly indicate that the ex-
perimental observation of the ZEP for SF junctions with a
nonuniform magnetization provides the evidence of the exis-
tence of the novel spin-triplet odd-frequency pairing.
In this paper, we have discussed the proximity effect, as-
suming a spin-singlet s-wave superconductor as a bulk state of
S. An extension to unconventional superconductors is possi-
ble on the basis of more general boundary conditions 76, 77 tak-
ing the Andreev bound state (ABS)78, 79 into account. There
have been many studies in various systems that show that
ABS supports the generation of odd-frequency pairing.80–86
The proximity effect in spin-triplet p-wave superconductors
is interesting 87–92 since the odd-frequency pairing induced
from bulk superconductors without exchange energy becomes
prominent.80 In addition, we have particularly focused on the
LDOS. It is interesting to discuss the anomalous Meissner ef-
fect93–95 and surface impedance96 due to the proximity effect
caused by odd-frequency pairing.
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